In this paper, we first prove that if the edges of K 2m are properly colored by 2m− 1 colors in such a way that any two colors induce a 2-factor of which each component is a 4-cycle, then K 2m can be decomposed into m isomorphic multicolored spanning trees. Consequently, we show that there exist three disjoint isomorphic multicolored spanning trees in any properly (2m−1)-edge-colored K 2m for m ≥ 14.
Introduction
Throughout this paper, all terminologies and notations on graph theory can be referred to the textbook by D. B. West. [8] A spanning tree T of a graph G is a subgraph of G which is a tree and V (T ) = V (G). A k-edge-coloring of a graph G is a mapping from E(G) into a set of colors {1, 2, · · · , k}. A k-edge-coloring is proper if incident edges receive distinct colors. Let ϕ be a k-edge-coloring of a graph G. If K is a subgraph of G, for convenience, we use ϕ| K to denote the edge-coloring of K induced by ϕ, i.e., ϕ| K (e) = ϕ(e) for each e ∈ E(K). Note here that in this paper, all edge-colorings are proper.
If G has a proper k-edge-coloring, then G is said to be properly k-edge-colorable. The chromatic index of a graph G is the minimum number k such that G is properly k-edgecolorable. It's well-known that the chromatic index of K 2m is 2m−1. Let ϕ be a proper (2m − 1)-edge-coloring of K 2m and C be the color set. For each x ∈ V (K 2m ), define ϕ x as * Research supported in part by NSC 97-2115-M-009-011-MY3. A subgraph in an edge-colored graph is said to be multicolored if no two edges have the same color. Therefore, a question arises naturally: can the edges of a properly (2m−1)-edge-colored K 2m be partitioned into multicolored subgraphs, such that each has 2m−1 edges. Here are three conjectures related to this problem. The first conjecture has been proved by Akbari et al [1] . As to the second conjecture, a partial result by Krussel et al [7] shows that there are three multicolored spanning trees in K 2m for any proper (2m−1)-edge-coloring of K 2m . Essentially, nothing was done so far on the third one. In this paper, we set off the first step by finding three disjoint isomorphic multicolored spanning trees in a proper (2m−1)-edge-colored K 2m for m ≥ 14.
It is worth of mention here that the above conjectures will play important roles in applications if they were true. An application of parallelisms of complete designs to population genetics data can be found in [2] . Parallelisms are also useful in partitioning consecutive positive integers into sets of equal size with equal power sums [6] . In addition, the discussions of applying colored matchings and design parallelisms to parallel computing appeared in [5] .
The main results
We start with the notion of a latin square. Let S be an n-set. A latin square of order n based on S is an n × n array such that each element of S occurs in each row and each column exactly once. For example, 0 1 1 0 is a latin square of order 2 based on {0, 1} = Z 2 . Since this latin square corresponds to a group table of Z 2 , + , the latin square is also known as a 2-group latin square.
For convenience, a latin square of order n based on S is denoted L = [ l i,j ] where
be two latin squares of order l and m respectively. Then the direct product of L and M is a latin square of order l · m :
instance, let L be the 2-group latin square; then L × L is a latin square of order 4 based on Z 2 × Z 2 , as in Figure 1 .
A transversal of a latin square of order n is a set of n entries, one from each column and one from each row, such that these n entries are all distinct. For instance, in L × L,
Proposition 1 L n has 2 n disjoint transversals for each n ≥ 2.
Proof. The proof is by induction on n. By Figure 2 , n = 2 is true. Assume that the assertion is true
by induction hypothesis. Without loss of generality, we may let A i be the transversal which contains the entry l 0,i (k) , i = 0, 1, 2, · · · , 2 k − 1. Now, we shall use A 2i and A 2i+1 ,
we explain the construction by using A 0 and A 1 . Lemma 2 If µ is a proper (2m−1)-edge-coloring of K 2m , m ≥ 2, such that any two colors induce a 2-factor with each component a 4-cycle, then (a) 2m = 2 n for some n ≥ 2 and
Proof. First, we claim that (b) is true. The proof is by induction on n. Clearly, it is true when n = 2. By hypothesis, let H be a clique of order 2 h , h < k, and µ| H is a (2 h −1)-edge-coloring of H. Without loss of generality, let V (H) = {x 1 , x 2 , · · · , x 2 h } and the colors used in H be {c 1 , c 2 , · · · , c 2 h −1 }. Since µ is a proper (2m−1)-edge-coloring of K 2m , each color occurs around each vertex. Let c 2 h be a color not used in H. Then, we have a
Now, by the reason that any two colors induce a C 4 -factor, we conclude that µ| H ′ is also Proof. By Lemma 2, 2m = 2 n for some n > 2. We prove the theorem by induction on n. By Lemma 3, n = 3 is true.
Assume that the assertion is true for each k ≥ 3 and consider K 2 k+1 .
From the process of the proof of Lemma 2, there must exist two disjoint cliques of order 2 k with 2 
transversals. This implies that there are 2 k perfect matchings in the complete bipartite graph induced by A ∪ B. Note that the two cliques induced by A and B respectively have 2 k−1 multicolored isomorphic spanning trees of order 2 k , respectively. Thus, by assigning a perfect matching to each spanning tree, we obtain 2 k spanning trees of order 2 k+1 .
Moreover, these spanning trees are isomorphic and multicolored.
For the presentation of the proof of our main theorem, we define the following notations. In a properly (2m−1)-edge-colored K 2m , a u-star S u is a spanning tree consisting of all edges incident to u, where u ∈ V (K 2m ). Suppose T is a multicolored spanning tree of K 2m with two leaves x 1 and x 2 . Let the edges incident to v 1 and v 2 be e 1 and e 2 respectively, and ϕ(e 1 ) = c 1 , ϕ(e 2 ) = c 2 . Then let T [x 1 , x 1 ; c 1 , c 2 ] be the tree obtained from T by removing the edges e 1 , e 2 and adding the edges x 1 c 2 , x 2 c 1 .
At first, we show the existence of two disjoint isomorphic multicolored spanning trees.
Lemma 5 Let ϕ be an arbitrary proper (2m−1)-edge-coloring of K 2m . Then there exist two disjoint isomorphic multicolored spanning trees in K 2m for m ≥ 3.
Proof. Let V (K 2m ) = {x i | i = 1, 2, . . . , 2m}. We split the proof into two cases.
Case 1.
There exists a 4-cycle (x 1 , x 2 , x 3 , x 4 ) such that ϕ(x 1 x 2 ) = b, ϕ(x 3 x 4 ) = c, and Proof. From the proof of Lemma 5, we only need to consider the case: there exist two colors which do not induce a 4-cycle factor. Let T 1 and T 2 be the isomorphic multicolored spanning trees obtained in Lemma 5. Clearly,
Since m ≥ 14, we can choose a vertex u ∈ U such that the two colors ϕ(ux 1 ) and ϕ(ux 2 ) are different from those colors on the edges of the graph induced by the vertex set {x 1 , x 2 , x 3 , x 4 }. Without loss of generality, let ϕ(ux 1 ) = 1 and ϕ(ux 2 ) = 2.
Moreover, let v 1 ∈ U \ {u} and ϕ(x 1 v 1 ) = 3 such that ϕ u (c r ) = z 2 . Since ϕ(z 1 z 2 ) may be c 1 or c 2 , we can assume ϕ(z 1 z 2 ) = c 1 . Finally, let T ′ 3 be obtained from T 3 by removing the edges u 2 3 , u c p , u c r and then adding the edges u 2 c r , w 1 3 , z 2 c p . Thus, the third spanning tree is constructed, see Figure 6 . Since all spanning trees contain exactly four vertices which are of distance 2 from vertices x 1 , x 2 and u respectively, they are isomorphic. This concludes the proof. 
